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One-loop corrections to the Higgs self-couplings in the singlet extension
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We investigate predictions on the triple Higgs boson couplings with radiative corrections
in the model with an additional real singlet scalar field. In this model, the second physical
scalar state (H) appears in addition to the Higgs boson (h) with the mass 125 GeV. The
hhh vertex is calculated at the one-loop level, and its possible deviation from the predictions
in the standard model is evaluated under various theoretical constraints. The decay rate of
H → hh is also computed at the one-loop level. We also take into account the bound from
the precise measurement of the W boson mass, which gives the upper limit on the mixing
angle α between two physical Higgs bosons for a given value of the mass of H (mH). We
find that the deviation in the hhh coupling from the prediction in the standard model can
maximally be about 250%, 150% and 75% for mH = 300, 500 and 1000 GeV, respectively,
under the requirement that the cutoff scale of the model is higher than 3 TeV. We also discuss
deviations from the standard model prediction in double Higgs boson production from the
gluon fusion at the LHC using the one-loop corrected Higgs boson vertices.
I. INTRODUCTION
Although the Higgs boson was found and its properties turned out to be consistent with the
Standard Model (SM) for particle physics, we still do not know the Higgs sector, in particular, the
structure of the Higgs potential and physics behind the electroweak symmetry breaking. On the
other hand, there are several phenomena which cannot be explained in the SM such as neutrino
oscillations, dark matter, baryon asymmetry of the Universe and cosmic inflation, which provide
strong motivations to construct new models beyond the SM. If the origins of these phenomena are
in the physics at the TeV scale, they are expected to be related to the physics of the Higgs sector.
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2In such a case, the Higgs sector takes an extended form from the minimal model with an isospin
doublet scalar field.
In general, the non-minimal shape of the Higgs sector affects various observables. In particular,
it gives deviations in the couplings of the discovered Higgs boson with the mass 125 GeV. Although
there is no significant anomaly found in the current LHC data, the deviations might be detected in
the future when the data will be more accumulated. Once the deviation is found, we may be able
to obtain important information about the physics beyond the SM by fingerprinting the pattern
of the deviation in various Higgs observables and the predictions in many new physics models [1].
In addition to many analyses at the tree level, radiative corrections to the Higgs boson couplings
are evaluated in various extended Higgs sectors: e.g., two Higgs doublet models (THDMs) [2–8],
models with a singlet scalar field [9–12] and those with a triplet scalar field [13, 14], and new
physics models: e.g., the minimal supersymmetric SM [15–21] and the minimal composite Higgs
models [22–24] in order to compare the theory predictions to the future precision data at High
Luminosity LHC and future lepton colliders such as the International Linear Collider (ILC) [25–
27], the Compact LInear Collider (CLIC) [28] and the Future e+e− Circular Collider (FCCee).
However, in order to obtain direct information on the Higgs potential, the measurement of the
triple Higgs boson coupling is inevitable, which is one of the most important tasks of future collider
experiments. From the information of the Higgs potential, we can approach to the physics behind
electroweak symmetry breaking. It is known that in extended Higgs sectors physics predicting
strongly first order phase transition simultaneously predicts a significant deviation in the triple
Higgs boson coupling [29, 30]. In Ref. [31], synergy between measurements of gravitational waves
and the triple Higgs boson coupling is discussed in probing the first-order electroweak phase tran-
sition. Therefore, the measurement of the triple Higgs boson coupling is important not only to test
the dynamics of electroweak symmetry breaking but also to investigate physics of the electroweak
phase transition and scenarios of electroweak baryogenesis [32–35].
In this paper, we focus on the Higgs Singlet Model (HSM) whose Higgs sector is composed
of an isospin complex doublet field and a real singlet scalar field. The HSM has been drawn
much attention in various interests in many papers. For example, works related to the electroweak
baryogenesis have been done in Refs. [36–41]. Singlet scalar fields have also been studied in the
context of the Higgs portal dark matter scenario [42–45]. The collider phenomenology, especially
on the double Higgs boson production process at the LHC gg → hh, has been calculated at the
leading order (LO) in Ref. [46] and the next-to-leading order (NLO) in QCD in Ref. [47] . Bounds
on the parameter space in the HSM have been comprehensively surveyed by using data at the LHC
3Run-I in Ref. [49].
In addition to the above studies, there are papers for electroweak radiative corrections to the
Higgs boson couplings in the HSM. In Ref. [9], the h couplings with weak bosons and fermions
have been calculated at the one-loop level. In Ref. [10], one-loop corrections to the decay rate of
the H → hh process with H being a heavier Higgs boson. In this paper, we investigate one-loop
corrections to the triple scalar boson couplings hhh and Hhh based on the on-shell renormalization
scheme. We apply these one-loop corrected vertices to calculate the decay rate of theH → hh mode
and the cross section of the double Higgs boson production via the gluon fusion process gg → hh
at the LHC. We find that the one-loop correction to the hhh coupling significantly change the
prediction at the tree level to be O(100)% level under the constraint from perturbative unitarity,
triviality, vacuum stability and conditions to avoid wrong vacua. Furthermore, the cross section of
gg → hh can be more than 20 times larger than the SM prediction due to the resonance effect of
H.
This paper is organized as follows. In Sec. II, we define the Lagrangian of the HSM. In Sec. III,
we discuss bounds on the parameter space from theoretical and experimental constraints. In
Sec. IV, the renormalization of parameters in the Higgs potential is described based on the on-shell
scheme [9]. Numerical analyses for the one-loop corrected hhh coupling, the decay rate of H → hh
and the cross section of the double Higgs boson production process via gg → hh are given in Sec. V.
Conclusions are summarized in Sec. VI. In Appendices, we present the analytic expressions for the
scalar triple and quartic couplings (Appendix A), the one-loop beta functions for dimensionless
coupling constants (Appendix B) and the One Particle Irreducible (1PI) diagram contributions to
the hhh and Hhh vertices (Appendix C).
II. THE HIGGS SINGLET MODEL
We define the Lagrangian of the HSM based on the SU(2)L × U(1)Y gauge theory, of which
Higgs sector is composed of an isospin complex doublet scalar field Φ and an isospin real singlet
scalar field S.
The most scalar potential is given as
V (Φ, S) = +m2Φ|Φ|2 + λ|Φ|4 + µΦS |Φ|2S + λΦS |Φ|2S2 + tSS +m2SS2 + µSS3 + λSS4, (1)
4where the doublet and singlet fields can be parameterized by
Φ =

 G+
1√
2
(
v + φ+ iG0
)

 , S = vS + s, (2)
with G+ and G0 being the Nambu-Goldstone bosons which are absorbed into the longitudinal
components of the W+ and Z bosons, respectively. The Vacuum Expectation Value (VEV) of
the singlet field vS does not contribute to the electroweak symmetry breaking, so that the Fermi
constant GF is determined only by the doublet VEV just like the SM: v = (
√
2GF )
−1/2 ≃ 246
GeV. Moreover, we can show that the shift of the singlet VEV does not change physics [46] as it
is proved in the following1. If we take the shift S → S + v′S , then the potential is rewritten by
V (Φ, S) = (m2Φ + µΦS v
′
S + λΦSv
′2
S )|Φ|2 + λ|Φ|4
+ (µΦS + 2λΦSv
′
S)|Φ|2S + λΦS|Φ|2S2 + (tS + 2m2Sv′S + 3µSv′2S + 4λSv′3S )S
+ (m2S + 3µSv
′
S + 6λSv
′2
S )S
2 + (µS + 4λSv
′
S)S
3 + λSS
4. (3)
Therefore, the modification of the potential by the shift v′S is absorbed by taking the following
reparameterization:
m2Φ → m2Φ − (µΦS v′S + λΦSv′2S ),
µΦS → µΦS − 2λΦSv′S ,
tS → tS − (2m2Sv′S + 3µSv′2S + 4λSv′3S ),
m2S → m2S − (3µSv′S + 6λSv′2S ),
µS → µS − 4λSv′S . (4)
Using this shift invariance, we can take vS = 0 without loss of generality, and we set vS = 0 in the
following discussion to simplify expressions.
The tadpole terms for h and s are respectively given by
TΦ = −v
(
m2Φ + λv
2
)
, TS = −tS −
1
2
µΦSv
2. (5)
From the tadpole condition at the tree level; i.e., TΦ = TS = 0, we can eliminate m
2
Φ and tS. Under
this condition, the mass terms in the potential are calculated as
Vmass =
1
2
(s, φ)

M211 M212
M212 M
2
22



s
φ

 , (6)
1 This is also true at the one-loop level, because the counter term of the singlet VEV δvS can also be taken to be
zero by reparametrizing the counter terms in the shifted Higgs potential δV which is described by the same form
as Eq. (1), but all the parameters are replaced by those counter terms.
5where
M211 = 2m
2
S + v
2λΦS , M
2
22 = 2λv
2, M212 = vµΦS. (7)
The mass eigenstates of two scalar bosons are defined by introducing the mixing angle α as
s
φ

 = R(α)

H
h

 with R(θ) =

cos θ − sin θ
sin θ cos θ

 . (8)
We identify the mass eigenstate h as the discovered Higgs boson at the LHC with the mass 125
GeV. In this basis, the mass matrix is diagonalized as follows
R(α)T

M211 M212
M212 M
2
22

R(α) =

m2H 0
0 m2h

 , (9)
From Eq. (9), the mass eigenvalues and the mixing angle α are expressed by
m2H =M
2
11c
2
α +M
2
22s
2
α +M
2
12s2α, (10)
m2h =M
2
11s
2
α +M
2
22c
2
α −M212s2α, (11)
tan 2α =
2M212
M211 −M222
, (12)
where we introduced the shorthand notation for the trigonometric functions: cθ = cos θ and sθ =
sin θ. Using Eqs. (10)-(12), the parameters λ, m2S and µΦS can be rewritten by
λ =
1
2v2
(m2hc
2
α +m
2
Hs
2
α), (13)
m2S =
1
2
(
m2hs
2
α +m
2
Hc
2
α − λΦSv2
)
, (14)
µΦS =
1
v
sαcα
(
m2H −m2h
)
. (15)
From the above discussion, the 7 independent parameters in the potential are expressed by
mh, mH , α, v, λS , λΦS, µS . (16)
Among them, mh ≃ 125 GeV and v ≃ 246 GeV are known parameters by experiments.
It is important to mention here that the mixing angle α can also be expressed from Eq. (15) as
s2α =
2vµΦS
m2H −m2h
. (17)
From this expression, we see that the mixing angle can be approximately given by α ≃ v/mH
when we consider the case for µΦS ≃ mH and mH ≫ mh. Therefore, in this case the value of α
is suppressed only by 1/mH , i.e., instead of 1/m
2
H . This feature is not seen in THDMs because of
6a lack of gauge invariant scalar trilinear couplings such as µΦS in the HSM, where a mixing angle
between two CP-even Higgs bosons is typically suppressed by the squared inverse of the mass of
extra Higgs bosons. For this reason, the decoupling behavior by taking a large value of the mass
of the extra Higgs boson H is more slowly seen in the HSM as compared to that in THDMs.
The kinetic Lagrangian Lkin and the Yukawa Lagrangian LY are given by
Lkin = |DµΦ|2 + 1
2
(∂µS)
2, (18)
LY = −ydQ¯LΦdR − yuQ¯Liσ2Φ∗uR − yeL¯LΦeR + h.c., (19)
where Dµ is the covariant derivative for Φ and σ2 is the second Pauli matrix. The trilinear
interaction terms among the Higgs boson and SM particles are then extracted as
L3-int =
(
h
v
cα +
H
v
sα
)
(2m2WW
+
µ W
−µ +m2ZZµZ
µ −mf f¯f). (20)
Therefore, the scaling factor of the Higgs boson coupling with weak bosons κV ≡ gHSMhV V /gSMhV V and
fermions κf ≡ gHSMhff /gSMhff are universally given at the tree level by
κf = κV = cα. (21)
From the Higgs potential given in Eq. (1), the scaling factor for the triple Higgs boson coupling
hhh is also calculated at the tree level as
κh ≡ λhhh
λSMhhh
= c3α +
2v2
m2h
cαs
2
αλΦS −
2vµS
m2h
s3α. (22)
We see from Eq. (22) that κh is more sensitive to the mixing angle as compared to κf and κV .
All the tree level expressions for the scalar trilinear λφ1φ2φ3 and quartic λφ1φ2φ3φ4 couplings are
presented in Appendix A.
III. CONSTRAINTS IN THE MODEL
We discuss constraints on the parameter space from theoretical arguments, namely, from pertur-
bative unitarity [51], triviality [52, 53], vacuum stability [52, 53] and wrong vacuum conditions [38].
We explain how the parameter space can be restricted by taking into account each of four con-
straints in order.
First, the bound from perturbative unitarity is obtained by requiring that eigenvalues of the
S-wave amplitude matrix for the 2 body to 2 body elastic scattering processes are smaller than a
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FIG. 1: Cutoff scale defined by Eq. (27) as a function of the initial value of λΦS at mZ in the case of α = 0
and mt = 173.21 GeV. Each curve shows the different choice of λS(mZ).
given critical value [54]. In our model, all the eigenvalues are calculated at high energies by [51]
x±1 =
1
16π
[
3λ+ 6λS ±
√
(6λS − 3λ)2 + 4λ2ΦS
]
, (23)
x2 =
1
8π
λ, (24)
x3 =
1
8π
λΦS . (25)
For each of eigenvalues, we impose
|xi| ≤ 1/2. (26)
Second, the triviality bound is obtained by requiring that the Landau pole does not appear
below a certain energy scale Λcutoff. Instead of using the scale where the Landau pole appears, we
can define the triviality bound as follows
∣∣∣Max[λi(µ)]∣∣∣ < 4π, for ∀µ ≤ Λcutoff, (27)
where λi(µ) are the scale dependent dimensionless coupling constants at a scale µ. The scale
dependence of λi is calculated by solving the renormalization group equations (RGEs) for all
the dimensionless coupling constants, and the full set of RGEs at the one-loop level are given in
Appendix B. Depending on Λcutoff, we obtain the bound on λi at the initial scale which is taken
to be mZ . In Fig. 1, we show the cutoff scale as a function of λΦS(mZ) for several fixed value of
λS(mZ) with α = 0. We can see that the cutoff scale immediately becomes low when we take a
non-zero value of λS , because of the large coefficient of the λ
2
S term in the β(λS) function given in
8Eq. (B5). We also see that a larger value of λΦS makes the cutoff scale low, e.g., Λcutoff ≃ 103 (3)
TeV for λΦS = 1 (2) and λS = 0. For α 6= 0, the bound becomes stronger than that in the case
with α = 0.
Third, the constraint from the vacuum stability is imposed by requiring that the Higgs potential
given in Eq. (1) must be bounded from below in any direction with large scalar field values. This
requirement can be expressed by
V (4)(Φ, S) ≥ 0, (28)
where V (4) is the quartic term part of the potential. From Eq. (28), we obtain the following
inequalities at a scale µ [40]:
λ(µ) ≥ 0, λS(µ) ≥ 0, 2
√
λ(µ)λS(µ) + λΦS(µ) ≥ 0, for ∀µ ≤ Λcutoff. (29)
If λΦS(µ) ≥ 0, the last condition is trivial, while λΦS(µ) < 0, that is rewritten by
4λ(µ)λS(µ) ≥ λ2ΦS(µ). (30)
Finally, we explain the bound from wrong vacuum conditions. In the HSM, because of the
existence of the scalar trilinear couplings µS and µΦS , non-trivial local extrema can appear in the
Higgs potential. Therefore, we have to check whether the true extremum at (
√
2〈Φ〉, 〈S〉) = (vew, 0)
with vew ≃ 246 GeV corresponds to the minimum of the potential. According to Refs. [38, 46], the
following five extrema appear
(
√
2〈Φ〉, 〈S〉) = (v+, x+), (v−, x−), (0, x01), (0, x02), (0, x03), (31)
where
x± ≡ 3vew(µΦSλΦS − 2µSλ)± 2
√
∆
4vew(4λλS − λ2ΦS)
, (32)
v2± ≡ v2ew −
1
λ
(µΦSx± + λΦSx
2
±), (33)
x01 ≡
(6µS − η1/3)2 − 96m2SλS
24λSη
1/3
+
µS
4λS
, (34)
x02 ≡
(6µS − e2ipi/3η1/3)2 − 96m2SλS
24λSe
2ipi/3η1/3
+
µS
4λS
, (35)
x01 ≡
(6µS − e4ipi/3η1/3)2 − 96m2SλS
24λSe
4ipi/3η1/3
+
µS
4λS
, (36)
9with
∆ ≡ 9v
2
ew
4
(2µSλ− µΦSλΦS)2 − 2m2hm2H(4λλS − λ2ΦS), (37)
η ≡ 12
[
−18µS(µ2S − 4λSm2S) + 72λ2SµΦSv2ew + λS
√
3∆0
]
, (38)
∆0 ≡ −32
[
2m4S(9µ
2
S − 32λSm2S) + 27µΦSµSv2ew(µ2S − 4m2SλS)− 54λ2Sµ2ΦSv2ew
]
. (39)
Now, the condition to avoid the wrong vacuum can be expressed by
Vnor(v±, x±) > 0, Vnor(0, x1,2,3) > 0, (40)
where Vnor is the normalized Higgs potential satisfying Vnor(vew, 0) = 0:
Vnor(φ, s) ≡ λ
4
(φ2 − v2ew)2 +
(
µΦS
2
s+
λΦS
2
s2
)
(φ2 − v2ew) +m2Ss2 + µSs3 + λSs4. (41)
Before closing this section, we briefly comment on constraints from experimental data. In
Ref. [48–50], constraints from electroweak precision observables and Higgs boson search data at
the LHC have been studied in the HSM with a spontaneously broken discrete Z2 symmetry. It has
been clarified that the constraint from the measurement of the W boson mass gives the strongest
upper bound on |sα| in the most of the parameter space. This bound becomes stronger when mH
increases, e.g., |sα| . 0.3 (0.2) for mH = 300 (800) GeV. We note that this bound can be applied
to our model, because it only depends on mH and sα.
IV. RENORMALIZATION
In this section, we calculate the renormalized scalar trilinear vertices Γˆhhh and ΓˆHhh at the
one-loop level based on the on-shell scheme, where for some parameters we apply to the minimal
subtraction scheme. The renormalized hV V (V = W,Z) and hff¯ vertices have already been
calculated in Ref. [9], so that we focus on the renormalization of the parameters in the Higgs
potential. We first shift relevant parameters into the renormalized one and the counter term. We
then give a set of renormalization conditions to determine these counter terms. In this paper, the
calculations are performed in the ’t Hooft–Feynman gauge2.
2 It has been pointed out in Ref. [10] that there remain gauge dependences in the mixing parameter α determined
by the on-shell scheme. In Refs. [5, 7, 10, 55], a renormalization scheme to remove such a gauge dependence has
been proposed. Although in our paper we apply to the usual on-shell renormalization scheme even if there remains
the gauge dependence, the ratio of numerical values of physical observables such as the decay rate of the Higgs
bosons calculated in the on-shell scheme to the improved scheme without the gauge dependence has been known
to be smaller than O(1)% [10]. This means, for example, that if one-loop corrections to a quantity are given to be
1%, the impact on the gauge dependence is less than O(0.01)%.
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A. Shift of parameters
The following eight bare parameters in the potential are shifted as
TΦ → δTΦ, TS → δTS ,
m2h → m2h + δm2h, m2H → m2H + δm2H , α→ α+ δα,
λS → δλS , λΦS → δλΦS , µS → δµS . (42)
In addition, the wave function renormalization for the scalar fields is given by the following way:
H
h

→

 1 + 12δZH δCHh + δα
δChH − δα 1 + 12δZh



 H
h

 , (43)
Using the above counter terms, we can construct the renormalized scalar boson one- and two-
point functions. In the following, we express contributions from 1PI diagrams as Γ1PIϕ for the
one-point scalar function and Π1PIϕϕ′ for the two-point scalar function. The renormalized one-point
function for h and H are given by
Tˆh = δTh + Γ
1PI
h , TˆH = δTH + Γ
1PI
H , (44)
where 
 δTS
δTΦ

 = R(α)

 δTH
δTh

 . (45)
The renormalized two-point functions are expressed as
Πˆhh(p
2) = Π1PIhh (p
2) +
c2αδTΦ
v
+
[
(p2 −m2h)δZh − δm2h
]
, (46)
ΠˆHH(p
2) = Π1PIHH(p
2) +
s2αδTΦ
v
+
[
(p2 −m2H)δZH − δm2H
]
, (47)
ΠˆHh(p
2) = Π1PIHh(p
2) +
sαcαδTΦ
v
+ p2(δChH + δCHh) +m
2
h(δα − δChH)−m2H(δα + δCHh). (48)
B. Renormalization conditions in the Higgs potential
In the previous subsection, we prepared totally 12 counter terms from Eqs. (42) and (43).
We thus need 12 renormalization conditions to determine them. First, we impose two tadpole
conditions at the one-loop level, i.e.,
Tˆh = TˆH = 0. (49)
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We then obtain
δTh = −Γ1PIh , δTH = −Γ1PIH . (50)
Second, four on-shell conditions for the two-point functions:
Πˆhh(m
2
h) = ΠˆHH(m
2
H) = 0,
d
dp2
Πˆhh(p
2)
∣∣
p2=m2
h
=
d
dp2
ΠˆHH(p
2)
∣∣
p2=m2
H
= 0, (51)
which determine the following four counter terms
δm2h = Π
1PI
hh (m
2
h) +
c2αδTΦ
v
, δm2H = Π
1PI
HH(m
2
H) +
s2αδTΦ
v
, (52)
and
δZh = − d
dp2
Π1PIhh (p
2)
∣∣∣
p2=m2
h
, δZH = − d
dp2
Π1PIHH(p
2)
∣∣∣
p2=m2
H
. (53)
Three counter terms δα, δChH and δCHh are determined by imposing the following three conditions
ΠˆHh(m
2
h) = ΠˆHh(m
2
H) = 0, δChH = δCHh ≡ δCh, (54)
by which we obtain
δα =
1
2(m2H −m2h)
[
Π1PIHh(m
2
h) + Π
1PI
Hh(m
2
H) +
s2αδTΦ
v
]
, (55)
δCh =
1
2(m2H −m2h)
[
Π1PIHh(m
2
h)−Π1PIHh(m2H)
]
. (56)
From the above discussion, we determine 9 counter terms, but there remain 3 undetermined
ones: δλΦS , δµS and δλS . Among the 3 counter terms, δλS does not enter the following discussion,
which appears in the renormalization of the scalar quartic vertices. For the remaining two counter
terms δλΦS and δµS , we apply the minimal subtraction scheme in which they are determined so
as to remove the ultra-violet (UV) divergent part of the one-loop correction to the hhh and Hhh
vertices. We will further discuss the determination of these counter terms in the next subsection.
C. Renormalized vertices
The renormalized hhh and Hhh vertices are expressed as
Γˆhhh(p
2
1, p
2
2, q
2) = 3!λhhh + δΓhhh + Γ
1PI
hhh(p
2
1, p
2
2, q
2), (57)
ΓˆHhh(p
2
1, p
2
2, q
2) = 2!λHhh + δΓHhh + Γ
1PI
Hhh(p
2
1, p
2
2, q
2), (58)
12
where δΓHhh and Γ1PIHhh (H = h or H) are the contributions from the counter terms and the 1PI
diagrams for the Hhh vertices, respectively. The scalar three point couplings λhhh and λHhh are
given in Appendix A. The counter-term contributions are expressed by
1
3!
δΓhhh = δλhhh +
3
2
λhhhδZh + λHhh(δα + δCh)
=
3
2
λhhhδZh + λHhhδCh − c
3
α
2v
δm2h
+
cα
2v2
(
m2hc
2
α − 2s2αv2λΦS
)
δv +
m2h −m2H
2v
c2αsαδα+ δM, (59)
1
2!
δΓHhh = δλHhh + 3λhhh(δCh − δα) + 2λHHh(δα + δCh) + λHhh
(
δZh +
1
2
δZH
)
= +λHhh
(
δZh +
1
2
δZH
)
+ (3λhhh + 2λHHh)δCh
− c
2
αsα
v
(
δm2h +
1
2
δm2H
)
+
m2H −m2h
8v
(c3α − 5cα)δα
+
sα
2v2
[(2m2h +m
2
H)c
2
α + v
2λΦS(1 + 3c2α)]δv + δM
′, (60)
where δM and δM ′ are the undetermined counter term from the on-shell conditions which are
expressed by
δM = δµSs
3
α − vcαs2αδλΦS , δM ′ = −3cαs2αδµS −
v
4
(sα − 3s3α)δλΦS . (61)
Applying the minimal subtraction scheme which is discussed in the previous subsection to δM and
δM ′, we obtain
δM = − s
2
α
16π2
[∑
f
2Nfc m2f
v
λΦScα − 2c
3
α
v3
(2m4W +m
4
Z)−
3
v
λΦScα(2m
2
W +m
2
Z)
+
m2h
4v
λΦS(11cα + c3α) +
m2H
v
λΦScαs
2
α + 4vλΦS(3λS + λΦS)cα − 36µSλSsα
]
∆div, (62)
δM ′ =
sα
16π2
[∑
f
Nfc m2f
v
λΦS(1 + 3c2α)− 2m
4
W +m
4
Z
v3
c2α(c2α − 3)
− 3(2m
2
W +m
2
Z)
2v
λΦS(1 + 3c2α) +
3m2h
2v
λΦSc
2
α(3 + c2α)−
3m2H
v
λΦSs
4
α
+ 2vλΦS(3λS + λΦS)(1 + 3c2α)− 108µSλScαsα
]
∆div, (63)
where ∆div expresses the UV divergent part of the loop integral, and N
f
c is the color factor; i.e.,
Nfc = 3 (1) for f being quarks (leptons).
We note that the counter term of the VEV δv is determined by using the gauge boson two-point
functions which have been given in Ref. [9].
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V. NUMERICAL RESULTS
In this section, we perform the numerical analysis of some observables, i.e., the deviation in the
hhh coupling at the one-loop level from the SM prediction (Sec. VA), the total width and the decay
branching ratio of H (Sec. VB) and the double Higgs boson production cross section via the gluon
fusion gg → hh at the LHC (Sec. VC) by using the one-loop renormalized hhh and Hhh vertices. In
order to constrain the parameter space, we take into account the perturbative unitarity, triviality,
vacuum stability and wrong vacuum conditions as we have explained in Sec. III. The triviality
and vacuum stability bound depend on the cutoff scale Λcutoff of the model which is taken to be
3 TeV or 10 TeV in the following analysis. In some plots shown in the following subsections, we
also consider the constraint from the electroweak precision test for the W boson mass in Ref. [49]
which gives the upper limit on |sα| for a given value of mH .
For the numerical analysis, we have the following five free parameters
mH , sα, λΦS, λS , µS. (64)
As we have seen in Fig. 1, a non-zero value of λS significantly reduces the cutoff scale because of
the RGE evolution of λS . We thus simply take λS = 0 throughout this section to have the cutoff
scale to be above the multi-TeV scale.
We use the following SM input parameters [56]
αem = (137.035999074)
−1 , mZ = 91.1876 GeV, GF = 1.1663787 × 10−5 GeV−2,
∆αem = 0.06635, αs = 0.1185 GeV,
mt = 173.21 GeV, mb = 4.66 GeV, mc = 1.275 GeV, mτ = 1.77684 GeV, mh = 125 GeV, (65)
where ∆αem is the shift of the fine structure constant which appears in the calculation of the
photon self-energy by dΠ1PIγγ (0)/dp
2 = Π1PIγγ (m
2
Z)/m
2
Z +∆αem (see: e.g., [5, 57]).
A. One-loop corrected hhh coupling
The scaling factor of the hhh coupling κh is defined in Eq. (22) at the tree level. Now, we grade
up this quantity at the one-loop level as follows:
κh ≡
Γˆhhh(m
2
h,m
2
h, 4m
2
h)HSM
Γˆhhh(m
2
h,m
2
h, 4m
2
h)SM
. (66)
Using this, the deviation in the hhh coupling is expressed by ∆κh = κh − 1.
14
200 500 1000 2000
mH [GeV]
0
50
100
150
200
∆κ
h 
[%
]
0.4
0.2
0.1
sinα = 0
Λ
cutoff = 3 TeV
0.3
λΦS = 1
X
X
X
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
sinα
0
50
100
150
200
250
300
∆κ
h 
[%
]
λ
ΦS  = 0.5
1
1.5
mH = 400 GeV
Ex
cl
ud
ed
 b
y 
m
W
Excluded by m
W
FIG. 2: Deviation in the hhh coupling ∆κh as a function of mH (left) and sinα (right) in the case of µS = 0
and Λcutoff = 3 TeV. In the left panel, we take λΦS = 1 and sα = 0, 0.1, 0,2, 0.3 and 0.4, while in the right
panel we take mH = 400 GeV and λΦS = 0.5, 1 and 1.5. The truncated point of the curve with sα = 0.2,
0.3 and 0.4 in the left panel indicates the upper limit on mH from the theoretical constraints. Besides, the
point X shows the upper limit on mH from mW [49]. In the right panel, the vertical lines show the upper
limit on | sinα| from mW .
First of all, we show the simple plot of ∆κh in Fig. 2. The left and right panel respectively
shows the mH and sα dependence of ∆κh. By looking at the curve with sα = 0 in the left panel,
we can see the decoupling behavior of the H loop effect to the hhh coupling, i.e., the prediction
asymptotically approaches to the SM value (∆κh = 0) as mH is getting large. On the other hand,
if we take sα 6= 0, the upper limit on mH appears because of the theoretical constraints and the
bound from mW , so that we cannot take the decoupling limit in this case. It is also seen that in
the region mH & 300 GeV, the prediction of ∆κh does not change so much. When we look at the
right panel, we can see that ∆κh monotonically increases as |sα| becomes large. Because of the
bound from mW , we can extract the maximal allowed value of ∆κh to be about 120%, 70% and
20% for λΦS = 1.5, 1.0 and 0.5, respectively.
In Fig. 3, we show the contour plots for ∆κh on the sα-λΦS plane. The upper-left panel shows
the tree level result to see how the loop correction modifies the prediction, where ∆κh does not
depend on mH as it is shown in Eq. (22). The upper-right and lower panels show the one-loop
corrected results with mH = 300 (upper-right), 500 (lower-left) and 1000 GeV (lower-right). By
comparing the tree and one-loop corrected results, we see that the one-loop correction changes the
tree level result to be O(100)%. The value of ∆κh becomes larger when sα and/or λΦS is getting
large at the both tree level and the one-loop level. The maximal allowed value of ∆κh can be
extracted from the lower panels to be about 250%, 150% and 75% for mH = 300, 500 and 1000
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FIG. 3: Contour plots for ∆κh on the sinα-λΦS plane in the case of µS = 0. The upper-left (upper-right
and lower) panel shows the tree level (one-loop corrected) result. In the upper-right, lower-left and lower-
right panels, we take mH = 300, 500 and 1000 GeV, respectively. The region above the blue (red) dashed
curve is excluded by the theoretical constraints with Λcutoff = 10 (3) TeV, while the right region from the
vertical dotted line is excluded by mW [49].
GeV, respectively, in the case of Λcutoff = 3 TeV.
We note that such a large correction to the hhh coupling happens due to the non-decoupling
effect of theH loop whenmH mainly comes from the Higgs VEV
3. In the HSM, this non-decoupling
effect appears in the case with λΦSv
2 & m2S or equivalently λΦS = O(1) as we can see it in Eq. (7).
Similar non-decoupling effects in the hhh coupling have also been found in the THDM as these
have been pointed it out in Ref. [3]. In fact, even in the SM the non-decoupling effect in the hhh
can be seen on the top loop contribution as its mass purely comes from v, where the magnitude of
the correction is proportional to m4t , and it can be of order 10% level. It goes without saying that
3 Although this intuitively seems to be a breaking of the perturbation theory, this does not follow the usual pertur-
bative expansion. Namely, the magnitude of the one-loop H loop contribution to the hhh coupling depends on the
Hhh coupling which is independent of the hhh coupling. Therefore, the amount of the correction does not simply
follow the power expansion of the hhh coupling with the loop factor.
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FIG. 4: Scatter plot on the mH -∆κh plane in the HSM (upper panels) and the Type-I THDM with
tanβ = 1 (lower panels). Each black (light blue) dot is the prediction allowed by theoretical constraints at
the one-loop (tree) level. In the left and the right panels, we impose all the theoretical constraints assuming
Λcutoff = 3 and 10 TeV, respectively.
the top loop effect is included in our calculation, but it does not change the value of ∆κh so much,
because it is defined by the deviation from the SM prediction.
Finally, we scan the parameter space to see the possible allowed range of ∆κh. In order to
see the difference between the HSM and the THDM, we also calculate the one-loop corrected hhh
coupling based on the previous our work given in Ref. [5]. We take the following scan range for
the parameters
300 < mH < 3000 GeV, 0 < |sα| < 0.4, 0 < λΦS < 2.5, − 100 < µS < 100 GeV, for HSM, (67)
300 < mΦ < 3000 GeV, 0.92 < sβ−α < 1, 0 < λΦΦh/v < 2.5, for THDM, (68)
where mΦ = mH (= mA = mH±), and λΦΦh is defined by vλΦΦh = m
2
Φ −M2. For the details of
the definition of the parameters in the THDM, see, e.g., Ref. [3]. We take into account the current
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bound on the Higgs boson couplings given at the LHC Run-I experiments. The combined results
for the measurements of the scaling factors κX at the ATLAS and the CMS experiments have been
provided in Ref. [58] as follows
κZ = 1.00
+0.11
−0.10, κW = 0.91
+0.10
−0.12, κτ = 0.90
+0.14
−0.16, κt = 0.87
+0.15
−0.15, (69)
where we pick up the positive allowed values of κX . We require the predictions of the above scaling
factors being inside the 2σ level.
In Fig. 4, we show the scatter plot using the scanned parameter range given in Eqs. (67) and
(68) in the HSM (upper panels) and in the Type-I THDM with tan β = 1 (lower panels). In
these plots, the constraint from mW is not imposed. The black (light blue) dot shows the allowed
prediction at the one-loop (tree) level. By comparing the results in the HSM and in the THDM,
we can find the big difference in the speed of the decoupling. Namely, the deviation in the hhh
coupling is more quickly shrunk as mH increases in the THDM as compared to the HSM. This can
be explained by the existence of the gauge invariant scalar trilinear coupling µΦS in the HSM which
makes the speed of the decoupling behavior slow as we have discussed it in Sec. II. For example,
when we look at the region with mH > 1 TeV, ∆κh can still be O(100)% in the HSM, but it is
a few percent level in the THDM. In addition, the value of ∆κh tends to be positive (negative)
in the HSM (THDM). This difference can be explained by the difference of the structure of the
sharing of VEVs and the mixing of CP-even Higgs fields at the tree level. In the HSM, the hhh
coupling can be decreased due to the non-zero field mixing between h and H, but such reduction
can be compensated by the additional contribution of the λΦS parameter as it is seen in Eq. (22).
As a result, ∆κh at the tree level can typically be positive. On the other hand in the THDM, the
hhh coupling can be decreased not only by the field mixing but also by the sharing of VEVs such
as v21 + v
2
2 = v
2 (v1,2 are VEVs of two Higgs doublets), where the latter does not happen in the
HSM. This additional reduction by the VEV mixing makes the hhh coupling small as compared
to the SM prediction. For reference, we give the tree level expression for κh in the THDM:
κh = sβ−α −
2(M2 −m2h)
m2h
sβ−αc2β−α −
M2 −m2h
m2h
c3β−α(cot β − tan β). (70)
From this result, when the second Higgs boson is discovered, and its mass is measured at future
collider experiments, we can expect that the big difference in the value of the hhh coupling appears
between the HSM and the THDM.
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FIG. 5: Total width ΓH as a function of mH in the case of µS = 0 and λΦS = 1 (left) and 2 (right). The
solid and dotted curve denote the result using the one-loop corrected Hhh vertex and the tree level one,
respectively.
B. Decay of H
Here, we discuss the width of H which is needed to calculate the cross section of the double
Higgs boson production as it will be discussed in the next subsection. The total width of H is
calculated by
ΓH = s
2
αΓhSM
∣∣
mhSM→mH
+H(mH − 2mh)× Γ(H → hh), (71)
where H(x) = 1 (0) for x ≥ 0 (x < 0). In the above formulae, the first term ΓhSM
∣∣
mhSM→mH
represents the total width of the SM Higgs boson hSM but the mass mhSM is replaced by mH .
The second term corresponds to the partial width of H → hh decay mode which opens for mH ≥
2mh = 250 GeV. The analytic expression of the decay rate of H → hh is given by
Γ(H → hh) = 1
32πmH
|ΓˆHhh(m2h,m2h,m2H)|2
√
1− 4m
2
h
m2H
, for mH ≥ 2mh. (72)
In Fig. 5, we show the mH dependence of ΓH . The solid and dotted curve show the result using
the one-loop corrected Hhh vertex (ΓˆHhh) and the tree level vertex (2λHhh), respectively. We can
see the rapid growth of ΓH at around mH = 250 GeV because of opening the channel H → hh,
where the amount of the growth with λΦS = 2 is larger than that with λΦS = 1. At large values
of mH , the difference between the case for λΦS = 1 and 2 becomes small. We also see that ΓH in
the case of sα = 0.2 is almost 4 times larger than that in the case of sα = 0.1. The typical value
of ΓH is found to be 10-100 MeV level when mH < 2mh, while it becomes 1-10 GeV level when
mH > 2mh.
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FIG. 6: Branching ratios BR(H) as a function of mH in the case of µS = 0, sinα = 0.1 and λΦS = 1 (left)
and 2 (right). In this plot, we use the one-loop corrected Hhh vertex.
In Fig. 6, we show the mH dependence of branching ratio of H BR(H) in the case of sα = 0.1.
We note that the sα dependence of the branching ratio is negligibly small. We can see that the
di-Higgs boson channel H → hh with λΦS = 2 can be more important than that with λΦS = 1,
but the branching ratio of this channel becomes small as mH increases.
C. Double Higgs boson production
We now ready to calculate the cross section of the double Higgs boson production via the gluon
fusion process: gg → hh at the partial two-loop level, where the meaning of “partial” will be
clarified below.
The relevant Feynman diagrams are shown in Figs. 7 and 8. Among the eight diagrams displayed
in Fig. 7, (a) and (b) correspond to the LO triangle and box type diagrams, respectively. All the
other diagrams show the two-loop contributions. These two-loop diagrams can be separated into
two categories, i.e., the diagrams (c)-(f) and those (g) and (h). The former one can be calculated
by the product of the one-loop triangle or box diagram and one-loop corrections to the scalar
three-point or two-point functions, where these two parts can be separately calculated with each
other. On the other hand, the latter category has a mixture of two loop momenta, so that we need
to evaluate the full two-loop integral. Another important difference between the former and latter
contribution is found in the power of the scalar trilinear couplings λϕϕ′ϕ′′ . The former (latter)
contribution involves a cubic (quadratic) dependence on λϕϕ′ϕ′′ . Therefore, when we take a large
value of λϕϕ′ϕ′′ couplings within the extent allowed by the theoretical constraints, the deviation in
the cross section of the double Higgs boson production mainly comes from the diagrams (a)-(e).
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FIG. 7: Feynman diagrams for the gg → hh process at the two-loop level with the order of αs. The gray
blob in the diagram (c) and the diagrams (d), (e) and (f) shows the insertion of the renormalized scalar
three-point vertices Γˆloopϕhh ≡ δΓϕhh+Γ1PIϕhh and the renormalized scalar two-point functions Πˆϕϕ′ , respectively,
where the symbols ϕ and ϕ′ denote h or H . The diagrams (g) and (h) shows the two-loop diagram which
involves a mixture of two loop momenta, where the typical topologies of them are shown in Fig. 8.
On the other hand, if we take a small value of λϕϕ′ϕ′′ , the contributions from (g) and (h) cannot be
neglected. In this subsection, we only take into account the contributions from (a)-(e), and we call
this level of the calculation as the partial two-loop level. We note that the diagrams (e) and (f)
vanish in our on-shell renormalization scheme explained in Sec. IV when the on-shell Higgs boson
h is produced. Consequently, the diagrams (a)-(d) are taken into account in our calculation.
It has been known that QCD corrections largely change the cross section of the gg → hh process.
The NLO calculation in QCD has been evaluated in Ref. [47], and it has been clarified that the
amount of the NLO correction is from −30 to +20% level depending on the choice of mH . In this
paper, we calculate the cross section at LO in QCD.
In the HSM, the parton level cross section is calculated by
σˆ(gg → hh) = G
2
Fα
2
s
256(2π)3
∫ tˆmax
tˆmin
dtˆ
(∣∣∣C∆F∆ + c2αF∣∣∣2 + ∣∣c2αG∣∣2
)
, (73)
where F∆ is the loop function for the triangle diagram, while F (G) is that for the box diagram
with the same (opposite) helicity of the initial gluons. The analytic formulae for these loop functions
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FIG. 8: Typical topology of the two-loop diagrams (g) and (h) in Fig. 7.
are given in Ref. [59]. In Eq. (73), C∆ is the coefficient of the triangle diagram given as
C∆ =
∑
ϕ=h,H
cϕ
[
−vΓˆϕhh(m
2
h,m
2
h, sˆ)
sˆ−m2ϕ + imϕΓϕ
+
vΓtreeϕhh
(sˆ−m2ϕ + imϕΓϕ)2
Πˆϕϕ(sˆ)
]
+
v(cαΓ
tree
Hhh + sαΓ
tree
hhh)
(sˆ −m2H + imHΓH)(sˆ −m2h + imhΓh)
ΠˆHh(sˆ), (74)
where cϕ = cα(sα) for ϕ = h(H) and Γϕ is the width of ϕ. The total cross section in the pp
collision is calculated by convoluting the di-gluon parton luminosity function Lgg:
σ(pp→ gg → hh) =
∫ 1
τ0
dτ
dLgg
dτ
σˆ(sˆ = τs), (75)
where τ0 = 4m
2
h/s with s being the collision energy of pp.
From now on, we present the numerical results of the double Higgs boson production cross
section. For this analysis, we provide four benchmark points (BPs) as shown in Table I, in which
we also give the outputs of ∆κh, ΓH and the ratio of the total gg → hh cross section σHSMtot /σSMtot .
In Fig. 9, we show the differential hadronic cross section of the gg → hh process in the pp
collision at
√
s = 13 TeV in the four BPs. In this calculation, we use the CTEQ6L [60] parton
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(mH , sinα) ∆κh [%] ΓH [GeV] σ
HSM
tot /σ
SM
tot
BP1 (200 GeV, 0.1) 66.1 1.41×10−2 0.57
BP2 (200 GeV, 0.2) 144 5.64×10−2 0.44
BP3 (400 GeV, 0.1) 32.6 0.580 5.32
BP4 (400 GeV, 0.2) 105 2.22 20.0
TABLE I: BPs for the numerical evaluation of the cross section of gg → hh. For all the BPs, we take
λΦS = 1.9, µS = λS = 0 and the collision energy
√
s = 13 TeV.
distribution functions, where its factorization scale µF is fixed to be
√
sˆ = Mhh with Mhh being
the invariant mass of the hh system. The black (red) curves shows the results in the SM (HSM),
while the dotted (solid) curve shows the result at LO (the partial two-loop level). For BP1 and
BP2 (upper two panels), the LO prediction in the HSM is almost the same as that in the SM.
On the other hand, the prediction at the partial two-loop level is smaller than the corresponding
SM result mainly due to larger distractive interference effects between the triangle and the box
diagram contributions. In the red solid curves, we can observe the small dip at around Mhh = 400
GeV (= 2 × mH) which happens due to the threshold effect of ΓˆHhh. For BP3 and BP4 (lower
two panels), we see the significant difference between the results in the SM and in the HSM. In
these cases, the peak at around Mhh = 400 GeV appears because of the resonance effect of the
H propagation, and its shape is quite narrow. This can be explained by the small width of H as
compared to the mass of H as we saw in Fig. 5. Thanks to this resonant effect of H, the total
cross section significantly increases as compared to the case with mH < 2mh and the SM case, i.e.,
the ratio of the total cross section becomes 5.32 (20.0) in BP3 (BP4) as it is shown in Table I.
VI. CONCLUSIONS
We have calculated the one-loop correction to the triple scalar boson couplings hhh and Hhh
based on the on-shell renormalization scheme in the HSM. We then applied these one-loop cor-
rected couplings to calculate the decay rate of the H → hh mode and the double Higgs boson
production process gg → hh at the LHC. It has been clarified that the one-loop correction to the
hhh coupling can change its tree level prediction to be the order of 100% under the constraint from
the perturbative unitarity, triviality, vacuum stability and conditions to avoid the wrong vacuum.
We have found that the deviation in the hhh coupling from the SM prediction can maximally be
about 250%, 150% and 75% for mH = 300, 500 and 1000 GeV, respectively, under the requirement
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FIG. 9: Differential hadronic cross sections of the double Higgs boson production process gg → hh in the
pp collision at
√
s = 13 TeV. The upper-left, upper-right, lower-left and lower-right panels show the case for
BP1, BP2, BP3 and BP4, respectively. The dotted (solid) curve shows the leading order (partial two-loop
level) results, and the black (red) curve show the SM (HSM) results.
that the cutoff scale of the model is higher than 3 TeV. We have also shown the difference in the
possible allowed value of the one-loop corrected hhh coupling in the HSM and the Type-I THDM,
namely, the decoupling behavior in these two models is quite different. The deviation in the hhh
coupling from the SM quickly reduces in the THDM, while the O(100)% deviation can still remain
in the HSM even at mH > 1 TeV. We have finally seen the cross section of the gg → hh process,
where the cross section can significantly enhance due to the resonance effect of H. As an example
when mH = 400 GeV and sα = 0.1 (0.2), the cross section maximally becomes 5.32 (20.0) times
larger than the SM prediction at
√
s = 13 TeV.
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Note added–
After this paper was completed, Ref. [61] appeared in which the one-loop correction to the hhh
coupling was calculated in the HSM.
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Appendix A: Scalar couplings
The scalar trilinear and quartic couplings are defined by
L = +λφ1φ2φ3φ1φ2φ3 + λφ1φ2φ3φ4φ1φ2φ3φ4 + · · · . (A1)
These couplings are given by [9]
λhhh = −
m2h
2v
c3α − vcαs2αλΦS + s3αµS , (A2)
λHHh = − 1
2v
cαs
2
α(m
2
h + 2m
2
H)−
v
4
(cα + 3c3α)λΦS + 3c
2
αsαµS, (A3)
λHhh = − 1
2v
c2αsα(2m
2
h +m
2
H) +
v
2
(1 + 3c2α)sαλΦS − 3cαs2αµS , (A4)
λHHH = −s
3
α
2v
m2H − 4c3αλSvS − c3αµS − sαc2αλΦSv, (A5)
λG0G0h = −
m2hcα
2v
, (A6)
λG+G−h = −
m2hcα
v
, (A7)
λG0G0H = −
m2Hsα
2v
, (A8)
λG+G−H = −
m2Hsα
v
, (A9)
λhhhh = −(c2αm2h + s2αm2H)
c4α
8v2
− s4αλS −
s22α
8
λΦS , (A10)
λHhhh = −
c5αsα
2v2
m2h −
s32α
16v2
m2H + 4cαs
3
αλS +
s4α
4
λΦS , (A11)
λHHhh = −(c2αm2h + s2αm2H)
3s2αc
2
α
4v2
− λΦS
8
(1 + 3c4α)− 6λSc2αs2α, (A12)
λHHHh = 4λSc
3
αsα −
m2H
2v2
cαs
5
α −
m2h
16v2
s32α −
λΦS
4
s4α, (A13)
λG+G−hh = −
c4α
2v2
m2h −
s22α
8v2
m2H − s2αλΦS, (A14)
λG+G−Hh = −(c2αm2h + s2αm2H)
sαcα
v2
+ 2sαcαλΦS , (A15)
λG+G−HH = −(4s4αm2H +m2hs22α)
1
8v2
− c2αλΦS , (A16)
λG0G0hh = −
m2h
4v2
c4α −
m2H
16v2
s22α −
λΦS
2
s2α, (A17)
λG0G0Hh = −
m2h
2v2
c3αsα −
m2H
2v2
cαs
3
α + λΦScαsα, (A18)
λG0G0HH = −
m2h
16v2
s22α −
m2H
4v2
s4α −
1
2
λΦSc
2
α, (A19)
λHHHH = − s
4
α
8v2
(c2αm
2
h + s
2
αm
2
H)− c4αλS −
1
8
s22αλΦS . (A20)
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Appendix B: Beta functions
We present the full set of the beta functions for the dimensionless couplings at the one-loop
level. The beta functions for the gauge couplings and the top Yukawa coupling yt are the same
form as those of the SM:
β(g3) =
g33
16π2
(−7), β(g2) = g
3
2
16π2
(
−19
6
)
, β(g1) =
g31
16π2
(
41
6
)
, (B1)
β(yt) =
1
16π2
[
9
2
y3t − yt
(
8g23 +
9
4
g22 +
17
12
g21
)]
. (B2)
Those for the dimensionless couplings in the potential are given [52] by
β(λ) =
1
16π2
[
24λ2 + 2λ2ΦS − 6y4t +
9
8
g42 +
3
8
g41 +
3
4
g21g
2
2 − λ(9g22 + 3g21 − 12y2t )
]
, (B3)
β(λΦS) =
1
16π2
[
12λλΦS + 8λ
2
ΦS + 24λΦSλS − λΦS
(
9
2
g22 +
3
2
g21 − 6y2t
)]
, (B4)
β(λS) =
1
16π2
(
2λ2ΦS + 72λ
2
S
)
. (B5)
Appendix C: 1PI diagrams
We give the analytic expressions for the 1PI diagram contributions to the hhh (Γ1PIhhh) and Hhh
(Γ1PIHhh) vertices in terms of the Passarino-Veltman functions [62]. The 1PI diagram contributions
to the scalar one-point and two-point functions have been presented in Ref. [9]. In our calculation,
we adopt the ’t Hooft–Feynman gauge, so that the masses of the Nambu-Goldstone bosons mG±
and mG0 and those of the Fadeev-Popov ghosts mc± , mc0 and mcγ are the same as corresponding
masses of the gauge bosons. For the Passarino-Veltman three point functions, we use the simplified
form as Ci[X,Y,Z] ≡ Ci[p21, p22, q2;mX ,mY ,mZ ], where pµ1 and pµ2 are incoming four-momenta and
qµ = pµ1 + p
µ
2 .
The fermion loop contributions to Γ1PIhhh and Γ
1PI
Hhh are given by
(16π2)Γ1PIhhh(p
2
1, p
2
2, q
2)F = −8c3α
∑
f
Nfc
m4f
v3
[
3(p21C21 + p
2
2C22 + 2p1 · p2C23 +DC24)
+ 2(2p21 + p1 · p2)C11 + 2(2p1 · p2 + p22)C12 + (m2f + p21 + p1 · p2)C0
]
(f, f, f), (C1)
Γ1PIHhh(p
2
1, p
2
2, q
2)F = Γ
1PI
hhh(p
2
1, p
2
2, q
2)F
∣∣∣
c3α→c2αsα
, (C2)
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where D = 4− 2ǫ. The bosonic loop contributions are given by
(16π2)Γ1PIhhh(p
2
1, p
2
2, q
2)B = 4
m4W
v3
c3αDB0[W,W ] + 2
m4Z
v3
c3αDB0[Z,Z]
+ 2λG+G−hλG+G−hhB0[G
±, G±] + 4λG0G0hλG0G0hhB0[G
0, G0]
+ 72λhhhλhhhhB0[h, h] + 12λHhhλHhhhB0[h,H] + 4λHHhλHHhhB0[H,H]
+ 2g3m3W c
3
αDC0[W,W,W ] + g
3
Zm
3
Zc
3
αDC0[Z,Z,Z]
− 1
4
g3ZmZc
3
αC
hhh
V V S [Z,Z,G
0]− 1
2
g3mW c
3
αC
hhh
V V S[W,W,G
±]
+
1
2
g2c2αλG+G−h(C
hhh
V SS [W,G
±, G±] + ChhhSSV [G
±, G±,W ] +ChhhSV S [G
±,W,G±])
+
1
2
g2c2αλG0G0h(C
hhh
V SS[Z,G
0, G0] + ChhhSSV [G
0, G0, Z] + ChhhSV S [G
0, Z,G0])
− 2λ3G+G−hC0[G±, G±, G±]− 8λ3G0G0hC0[G0, G0, G0]
− 216λ3hhhC0[h, h, h] − 24λ2Hhhλhhh {C0[h, h,H] +C0[h,H, h] + C0[H,h, h]}
− 8λ3HHhC0[H,H,H]− 8λ2HhhλHHh {C0[h,H,H] + C0[H,h,H] + C0[H,H, h]}
− 1
2
g3m3W c
3
αC0[c
±, c±, c±]− 1
4
g3Zm
3
Zc
3
αC0[c
0, c0, c0], (C3)
28
(16π2)Γ1PIHhh(p
2
1, p
2
2, q
2)B = 4
m4W
v3
sαc
2
αDB0[W,W ] + 2
m4Z
v3
sαc
2
αDB0[Z,Z]
+ 2λG+G−HλG+G−hhB0[q
2;mG± ,mG± ] + λG+G−hλG+G−Hh(B0[p
2
1;mG± ,mG± ] +B0[p
2
2;mG± ,mG± ])
+ 4λG0G0HλG0G0hhB0[q
2;mG0 ,mG0 ] + 2λG0G0hλG0G0Hh(B0[p
2
1;mG0 ,mG0 ] +B0[p
2
2;mG0 ,mG0 ])
+ 24λHhhλhhhhB0[q
2;mh,mh] + 18λhhhλHhhh(B0[p
2
1;mh,mh] +B0[p
2
2;mh,mh])
+ 12λHHhλHhhhB0[q
2;mh,mH ] + 8λHhhλHHhh(B0[p
2
1;mh,mH ] +B0[p
2
2;mh,mH ])
+ 12λHHHλHHhhB0[q
2;mH ,mH ] + 6λHHhλHHHh(B0[p
2
1;mH ,mH ] +B0[p
2
2;mH ,mH ])
+ 2g3m3W sαc
2
αDC0[W,W,W ] + g
3
Zm
3
Zsαc
2
αDC0[Z,Z,Z]
− 1
4
g3ZmZsαc
2
αC
hhh
V V S [Z,Z,G
0]− 1
2
g3mW sαc
2
αC
hhh
V V S [W,W,G
±]
+
g2
2
sαcαλG+G−h{ChhhV SS[W,G±, G±] + ChhhSSV [G±, G±,W ]}+
g2
2
c2αλG+G−HC
hhh
SV S [G
±,W,G±]
+
g2Z
2
sαcαλG0G0h{ChhhV SS [Z,G0, G0] + ChhhSSV [G0, G0, Z]}+
g2Z
2
c2αλG0G0HC
hhh
SV S [G
0, Z,G0]
− 2λ2G+G−hλG+G−HC0[G±, G±, G±]− 8λ2G0G0hλG0G0HC0[G0, G0, G0]
− 72λ2hhhλHhhC0[h, h, h] − 24λHHhλHhhλhhh {C0[h, h,H] + C0[H,h, h]} − 8λ3HhhC0[h,H, h]
− 24λ2HHhλHHHC0[H,H,H]− 8λ2HHhλHhh {C0[h,H,H] + C0[H,H, h]} − 24λHHHλ2HhhC0[H,h,H]
− 1
2
g3m3W sαc
2
αC0[c
±, c±, c±]− 1
4
g3Zm
3
Zsαc
2
αC0[c
0, c0, c0], (C4)
where we define the following functions;
B0[X,Y ] = B0[q
2;mX ,mY ] +B0[p
2
1;mX ,mY ] +B0[p
2
2;mX ,mY ], (C5)
ChhhV V S[X,Y,Z] = {p21(C21 + 3C11 + 2C0) + p22(C22 + 4C12 + 4C0)
+ p1 · p2(2C23 + 4C11 + 6C0 + 3C12) +DC24}[X,Y,Z]
+ {p21(C21 + 3C11 + 2C0) + p22(C22 −C12)
+ p1 · p2(2C23 − C11 − 2C0 + 3C12) +DC24}[X,Z, Y ]
+ {p21(C21 − 2C11 + C0) + p22(C22 − C12)
+ p1 · p2(2C23 − C11 + C0 − 2C12) +DC24}[Z, Y,X], (C6)
29
ChhhV SS[X,Y,Z] = {p21(C21 + 4C11 + 4C0) + p22(2C12 + C22)
+ 2p1 · p2(C23 + C11 + 2C0 + 2C12) +DC24}[X,Y,Z], (C7)
ChhhSSV [X,Y,Z] = {p21(C21 − C0) + p22(C22 − 2C12 + C0)
+ 2p1 · p2(C23 − C11) +DC24}[X,Y,Z], (C8)
ChhhSV S [X,Y,Z] = {p21(C21 − C0) + p22(C22 + 2C12)
+ 2p1 · p2(C23 + C11 − C0) +DC24}[X,Y,Z]. (C9)
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